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Enriched category theory



Large categories algebraic Vect set Ab Repa
topological Top Sets

small categories G a group BG one object category G
A an algebra BA one object category of A
P a poset considered as a category 3I p g a peg

X topologicalspace Ox poset of open sets
F U V KEV

Given C D categories have product category C xD

functor category e DJ De

E D
objects functors e o

morphisms natural transformations



Category of scalarvalued functors a.k.a co spresheaves

Ee set Ie set contravariant
functors

Eg G group e BG

IBG Set Act category of left G actions
and interwiners

BGP Set G Act category of right G actions
X topological space e Q

Fox set pre sheaves on X
set

Yonedalemma Eaten Set Think Scots
cts d to eld c s to 8g

tg Cayley's Theorem

C BG G
G d Seth G



Not always correct to use set as the scalars

Eg A an algebra ther for A and Rep the hom sets are

vector spaces
Repa linear fun itors A rect

Want to do category theory over a different base category

Need monoidal category O O I

2 category 8 8 37 I e obb

Eg Set x Vect o e 50,0 t o

RT
I ift

an



Category D enriched category
collection obe collection obe

fogy Clay eobSet thy Etsy e obs

function'sY T't
ccaylxzly.zs ecyzy.tt 4Yize osy xozlyzIFEiIz

Vx idxecGp Fx I 32652
Clan

axioms axioms

2 functor F c 8 Fo obe obD function
Fay lossy 2 Fbc Fly inv

If 8 is nice then D is D category and can make

Ee D into a D category Repa BA Vert



RE enriched category
Collection ob X

Fx y X Ky E to x

4912 Xcx g Xy z Xyz

Fx 03 652 o X 644

no axioms

An IRI category is a generalized metric space
i not necessarily symmetric ii Can have a distance
iii db4y 0 x y

An A functor is a short map f X 4 Xbox Y fr fix'd



EXMET Ila b maxlb a o if tha to
b a

fi X y
IX 4 fig sEpYlfbligbdji

0

x
t

y
IX RI Gig gyp getters

Yoneda Xa Ex IRI scale't d bi x

Kuratowski isometric embedding
Hii M classical metric space oblsm compact subsets of it

SMH B 84112 MAD
a

yMSmlA.B

O AEB A



Magnitude



Generalizing notions of Euler characteristic

ifiniter
cats

has size

Hitecategotiest Fitment

spaces

I y
theinstey

finite tg finiteposetsy

magnitude

card s Rota



Suppose X finite metric space a weighting is

w X R such that get
to

w a 1 forex
x

If a weighting exists define magnitude
1 1 E wa

x

More interesting to consider magnitude function
t t It Xl for t 0

ItX1 It X X

0.001T I so
as to

t

Magnitude measures effective number of points



Diversity S
Model ecosystem as a

tf

set species it

measuring difference of species
1st is a measure of biodiversity og

Solow Polasky 1994

Traditional diversity measures use the relative proportions of
species related to notions of entropy Renyi Shannon etc

Leinster Cobbold combined the two approaches to give a

family of diversity indices using difference relative proportion

Magnitude ISIt gives maximum
possible diversity



Khovanov homology Fbi graded homology theory KH of links
such that

Jones L IC Digi rt KH K
polynomial in qt is

a X KH L

similar catcgarification of magnitude
Simple example when U 41N t o restrict to graphs

M It Iget Graphs 2kg7 M II 5 109 1092 294

Willeton Hepworth Fbigraded homology theory MH of graphs
such that M G X MH

Leinster Shulman F bigraded homology theory of
finite metric spaces that recovers magnitude
as its Euler characteristic



M II J 10g 1092 2094 4095 4096 8098 t

Mtket Y



Yh I
5 jmetricsp

as no kn Et I

Meckes For X compact Xl suplex Al
If XERM An X ther IA I X

Growth rate of It XI is Minkowski dimension

Carbery Barcelo Willow tB3 23
633

12121

It Bat is ratio of determinants of Bessel polynomials
It Bal unknown in general

IGoffeng Gimperlein Lou ca If X is Riem mfd with bdry
as to text n Ion vol x t t He vollox t t



Tight span



EnrichedIEI.IT E

e or
to Ig

I E Fix K R

f g e Leon Tx Ce u t g
f Reg

f g
e I e is a generalized element of e

I e Aig c g c I e e Cfgi fk



Take D IRI XII e RT

P
classical

TightspanX
of X

tight span convex hull injective envelope rediscovered many times

For general X have I X is directed tight span
H Iso Eemajou Kingi OlelaOtufudu

Hirai koichi multi commodity flow
x Develin Sturm tels tropical algebra


